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Abstract 

In this paper, we provide a general classification of supersymmeric QFT4S into three basic sets: 
ordinary, affine and indefinite classes. The last class, which has not been enough explored in lit- 
erature, is shown to share most of properties of ordinary and affine super QFT4S. This includes, 
amongst others, its embedding in type II string on local Calabi-Yau threefolds. We give realizations 
of these supersymmetric QFT4S as D-brane world volume gauge theories. A special interest is de- 
voted to hyperbolic subset for its peculiar features and for the role it plays in type IIB background 
with non zero axion. We also study RG flows and duality cascades in case of hyperbolic quiver 
theories. Comments regarding the full indefinite sector are made. 
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1 Introduction 



The study of 4D supersymmetric quiver ADE gauge theories and their afhne extensions has attracted a 
lot of attention in the last few years. In fact, this interest is mainly due to their specific realization as 
D-brane world volume gauge theories pQ and also to the role they play in low energy type II superstring 
compactifcations 0-0- Supersymmetric quiver gauge theories were at the basis in deriving Dijkgraaf- 
Vafa (DV) theory [E]-[E| and generally in the study of large N duality and geometric transitions [H] in 
type II string compactification on Calabi-Yau threefolds (CY3) with ADE geometries |1U | -|I2 | . 

One of the objectives of the present study is to extend results of 4D N— 2 and N— 1 ordinary 
and affine ADE quiver gauge models to more general supersymmetric gauge theories. The new class 
we will consider here, which we dub indefinite class, concerns those 4D super QFTs that are associated 
with the indefinite sector of simply laced Lie algebras JHI-EJ- Like for affine ADE models with their 
special properties such as super-conformal invariance and RG cascades |16|-|19|. these new quiver gauge 
theories exhibit as well very remarkable features despite they are not conformally invariant |2()j . They 
appear as low energy field theory limit of type II strings on CY3 with indefinite geometries and have 
D-brane realizations quite similar to those realizing affine models. Throughout this study, we also 
complete the picture on 4D supersymmetric quiver gauge theories that may be embedded in type IIB 
string compactificd on more general local CY3s. In particular, we show that indefinite symmetries have 
remarkably a special hyperbolic sub-invariance which: 

(1) serves as a laboratory to explore the indefinite class of quiver gauge theories, 

(2) push a step further Fiol analysis extending Klebanov-Strassler affine A\ model |17l IT%| and, 

(3) appears, surprisingly, as a symmetry in type IIB background with non zero axion. 

The last property gives an explicit evidence for the role played by hyperbolic invariance in type IIB 
string theory and opens an issue to look for hidden symmetries in string theory. We also study field 
dualities in hyperbolic model and show that, like in affine case, these theories have duality cascades. 

The presentation of this work is as follows. In section 2, we give general features on indefinite quiver 
gauge theories; in particular on the special hyperbolic subset; its roots system and hyperbolic Weyl 
group. We show that these objects play a key role in the geometric engineering of hyperbolic quiver 
QFT4S and their duals. In section 3, we develop the general setting of indefinite 4D quiver gauge theories 
embedded in type IIB strings on Calabi-Yau threefolds. Particular interest is given to the hyperbolic 
subset. In section 4, we study the RG flows for hyperbolic theories and analyze there duality cascades. 
Section 5 is devoted to summarize our findings and to make an outlook. Two appendices on indefinite 
Lie algebras and hyperbolic ADE quiver gauge models are given in section 6. 

2 Indefinite quiver gauge theories 

In this section we want to extend results of four dimensional supersymmetric ADE quiver gauge theories 
and their affine extensions to other supersymmetric gauge models with more general symmetries. To 
begin, note that as far as N = 2 supersymmetric QFT4S are concerned, one immediately realizes that 
affine quiver gauge theories are not the unique possible generalization of ordinary ADE QFT4S. There 
are infinitely many others that may be constructed, these concern the class of indefinite quiver gauge 
theories that interests us here. A more interesting thing in this issue is that the mysterious indefinite set 
contains the subset of hyperbolic gauge models which have the property of being closer to the standard 
affine Kac- Moody (KM) models. 

In what follows, we give a classification theorem of all possible 4D supersymmetric ILiU (Ni) quiver 



gauge theories. This theorem allows us to have a full picture on 4D super-quiver field models and opens 
a window on the role of indefinite Lie symmetries in field and string theories. We will mainly focus on 
4D jV = 2 quiver gauge models to elaborate the results, but by switching on non linear adjoint matter 
self interactions, one gets the corresponding J\f = 1 ones. 

2.1 Classification of Super QFT 4 s 

In classifying 4D supersymmetric quiver gauge theories, we use two standard results: 

(1) the field theoretical correspondence between Dynkin diagrams V (g) of Lie algebras g on one 
hand and matter and gauge content in 4D supersymmetric quiver gauge theories on the other hand ^Oj • 
This correspondence is defined by associating to each diagram T> (g) of a ( simply laced ) Lie algebra, a 
quiver SQFT4, 

V(g) < — ► Super-QFT 4 . (2.1) 

This means that degrees of freedom in supersymmetric quiver QFT4 are completely encoded in the graph 
T> (<?). In JV = 1 superspace language, the explicit rule is as follows: (a) The i-th node of T> (g) encodes 
a gauge multiplet Vi and a chiral matter $^ superfield both transforming in the adjoint representation of 
U (Ni). (b) Links \K^- 1 between i-th and j-th nodes of V (g) give the number of bi-fundamental matter 
chiral multiplets Qij © Qji transforming in (Ni, Nj) representation of U (N) x U (Nj). 

(2) Classification of possible Dynkin diagrams D (g) of Lie algebras. This classification is given by 
two fundamental Lie algebraic theorems: (a) Vinberg theorem asserting that in general there are 
three basic subsets of Dynkin diagrams which, for convenience, we denote them as, 

V+(g); V°(g); V~ (g) . (2.2) 

These are respectively associated with finite dimensional Lie algebras, affine KM extension and indefinite 
generalization, (b) Cartan type classifications of above Dynkin diagrams ca (|2.2f) encoded in the 

following statement (i) The usual Cartan classification of Dynkin diagrams V + (g), 

V+(A r ), V+(D r ), V+(E 6i7tS ), (2.3) 

where A n D r and E r are the usual rank r simply laced finite dimensional Lie algebras, (ii) KM 
classification of affine Lie algebras with co-rank one graphs T>° (g), 

V°(p r ), V°(e 6X8 ), (2.4) 

where A stands for the affine extension of A and so on. (iii) For the classification of Dynkin diagrams 
T>~ (g) of indefinite simply laced Lie algebras, there have been many attempts but unfortunately with 
partial results only since a complete classification does not exist yet. However, there is an interesting 
partial classification which can be used to approach the indefinite sector. This partial classification 
|24U14) . which will be considered in the present study, deals with the W. Li hyperbolic Dynkin diagrams 
denoted as T>~ (H£) where r and s are integers. Results in this matter are reported in appendix A, for 
a general analysis and other conventional notations see [241 125| . 

2.2 Theorem 

As far as Dynkin graphs of simply laced Lie algebras are concerned, there are three kinds of four 
dimensional supersymmetric quiver gauge theories: 



(1) The usual four dimensional supersymmetric ordinary ADE quiver gauge theories. Their content 
in gauge and matter super multiplets are encoded by the ordinary simply laced ADE Dynkin diagrams 
according to the rule given above. These theories are not scale invariant, they appear as type II strings 
low energy limits and have realization as gauge theories in the world volume of partially wrapped 
D-branes. 

(2) The well common supersymmetric affine ADE quiver gauge theories which can be viewed as the 
simplest extension of the previous ones. They are obtained by adding more gauge and matter multiplets 
according to the structure of affine ADE Dynkin diagrams. These supersymmetric quantum field models 
are specific gauge theories, they may be conformal and have a remarkable realization as D3-brane world 
volume gauge theories. 

(3) An indefinite sector of supersymmetric quiver QFT4S. These gauge theories have not been 
enough explored in the literature, they can be thought of as given by the set of all remaining possible 
generalizations of ordinary quiver gauge theories except affine KM extensions. Indefinite quiver gauge 
theories include the hyperbolic quiver gauge models as a special subset. 



2.3 Supersymmetric Action 

From the classification above, we deduce that given a Cartan matrix K q (g) and Dynkin diagram T> q (g), 
with q = 1,0,-1 referring respectively to ordinary simply laced Lie algebras, affine KM extension and 
indefinite generalization, one can determine the appropriate number of propagating degrees of freedom 
of the corresponding supersymmetric quiver QFT4. The rule is as follows |JjJ: To the i-th node of V q , 
one associates a gauge multiplet Vi and a chiral matter one <&i transforming in adjoint representation of 
U (Ni). For \Kfj\ (Kfj = 0, —1 for present case), links between i-th and j-th nodes of I? 9 , one associates 
bi-fundamental matter Qij transforming in {Ni, Nj) representation of U (N) x U (Nj). With these 
superfield degrees of freedom, we can write down the general supersymmetric action describing their 
classical dynamics. In the N = 1 formalism, the general superfield action S q reads as: 



S q = 



d A x d A e 
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where W" stand for the spinor gauge field strength. The constants gi, Q, Kj as well as those contained 
in W which is a polynomial in adjoint matter (W = z i^i + m i® 2 ---), are the usual bare coupling 
constants. Obviously J\f — 2 supersymmetry requires linear adjoint matter superpotentials; i.e W = 
J2 z i&i) otherwise it is broken down to JV = 1. Note that the ZiS should be compared with the FI 
coupling they will play a crucial role in next sections when we study Seiberg like field duality. Note 
also that since Cartan matrices of simply laced Lie algebras are symmetric, they can be expressed in 
terms of the T% triangle matrices (i > 7) and their transpose T% as K% = Tf. +T%. These T!f„s are also 
used in writing the Gj^j antisymmetric matrices appearing in above relation as G\j\ — — Tji- Finally, 
observe that the above quiver gauge theory has an interpretation in type IIB string theory as world 
volume theories on regular D3-branes and partially wrapped D5 ones. We will turn to this representation 
later when we consider the brane realization of hyperbolic gauge theories. From the action above, one 



can determine the superfield eqs of motion. For the matter's case and up on dropping kinetic terms non 
sensitive to complex deformations, we obtain the following superfield equations of motion, 

Qij Qji Qji Qij — 5 

Qijfy = $iQij. (2.6) 

For linear superpotential W, these eqs describe, for each gauge group factor, an 0(— 2) © O(0) Calabi- 
Yau threefold and the quiver gauge theory has Af = 2 supersymmetry. For generic polynoms in <I>iS 
however, J\f = 2 supersymmetry is explicitly broken down to J\f = 1. The new geometry of the Calabi- 
Yau threefolds associated with each gauge group factor is now 0(— 1) © 0(— 1) — > P 1 . Following DV 
theory, this manifold may undergo a geometric transition where the blow down S* 2 spheres are replaced 
by S 3 and the partially wrapped D5-branes by three form fluxes. At this level nothing requires a 
distinction between indefinite quiver gauge theories and the ordinary and affine ones. This property let 
understand that basic results on the familiar supersymmetric quiver gauge theories are also valid for the 
indefinite case. Therefore like for ordinary and affine ADE quiver gauge models which are known as QFT 
limits of type II string on CY3 with ordinary and elliptic ADE singularities respectively, it is natural 
to think about the indefinite quiver gauge theories defined above as also following from type II string 
compactification on CY3 with indefinite singularities. The structure of these indefinite singularities and 
the underlying singularity theory is still an open question; but we fortunately dispose of some explicit 
examples realizing CY3 manifolds with indefinite singular CY3s. For details on this issue; we refer to 

3 Hyperbolic Quiver Gauge models 

Hyperbolic quiver gauge models constitute a special subset of indefinite quiver gauge theories that are 
based on hyperbolic Lie algebras. Some of these hyperbolic models may be also viewed as simplest 
extension of the usual supersymmetric affine ADE theories. Moreover, they can be also obtained as low 
energy limit of type IIB string on CY3s with hyperbolic singularities and have a realization as D-brane 
world volume gauge theories. In order to show how these special supersymmetric theories are built, we 
first review some useful properties on hyperbolic Lie algebras as well as their algebraic geometry analog. 
Then, we consider their realization as world volume gauge theories of D-branes wrapping cycles in CY3s 
with hyperbolic geometries. 

3.1 Roots and Homology in Hyperbolic ADE Geometries 

Roughly speaking, there are two main classes of hyperbolic simply laced Lie algebras: standard hyper- 
bolic algebras and the so called strictly hyperbolic ones. For precise definitions on these two varieties 
of indefinite Lie algebras see In this paper we will be interested in standard hyperbolic 

algebras, they can be thought of as particular extension of affine simply laced Kac-Moody invariance. 
Note that the hyperbolic symmetries we will be considering here are very special, we will refer to them 
as hyperbolic ADE algebras, a matter of keeping in mind that these symmetries contain the usual finite 
ADE Lie algebras and their affine analog as Lie subalgebras. 
Roots and cycles in hyperbolic model 

Since hyperbolic ADE Lie algebras are simplest extensions of affine KM ones, one can easily make 
an idea on this larger structure. More precisely, basic tools of these hyperbolic ADE Lie algebras are 
quite same as those used in affine KM symmetries. Of course there are also novelties, but these can 



be extracted by using similarity arguments to be specified later on. Let comment briefly how these 
hyperbolic ADE algebras can be obtained from the underlying affine ones; for a rigorous derivation and 
details see |2T|. 

Simple roots: Starting from a rank r affine simply laced Kac-Moody algebra with the usual simple 
roots at, with i = 0, 1, ...,r where ao = 6 — J2l=i ^i a i with S being the usual imaginary root and the 
other a^s the simple real ones, we can write down several relations for hyperbolic ADE Lie algebras 
just by using intuition and similarity arguments. The rule is as follows: Once an affine ADE Cartan 
matrix Kfj — (Xi.Cij and corresponding Dynkin diagram T>° are fixed, a hyperbolic ADE generalization 
of Cartan matrix and Dynkin graph are obtained by adding an extra simple root a_i to the game with 
the property, 

= 2; a_iao = — 1; ol-\<x% = 0. (3-1) 

It happens that, because of the Lorentzian nature of the root lattice of hyperbolic ADE algebras, this 
extra simple root is realized in a different manner comparing to what we do in ordinary and affine cases. 
In addition to standard simple roots cti, with i = 0, 1, r, we have, 

a_i=7-£; j 2 - 2j.S + S 2 = 2, (3.2) 

with 7 a second basic imaginary root related to the standard imaginary root S of affine KM as well as 
to the previous real simple roots a, of finite subalgebra as follows, 

7 2 = S 2 = 0; j5 = -l, 
j.ctQ — 1; y.an = 0, i > 0. (3.3) 

Therefore our hyperbolic ADE Lie algebras have two basic imaginary roots 7 and S which a priori should 
play a completely symmetric role. This property will be one of the main arguments that allow us to 
extract part of remaining information on the hyperbolic ADE structure that are not captured by affine 
KM subsymmetry. Note that the symmetric role between 7 and S is not hazardous; but it reflects 
invariance of hyperbolic root system under Weyl transformations. For details we refer to the above 
mentioned paper. 

Cycles: In the present study we are also interested in type IIB string interpretation on CY3s of 
the 4D supersymmctric quiver gauge theories based on the Dynkin diagrams of hyperbolic algebras. It 
is then interesting to find a geometric meaning of the 7 and S imaginary roots in homology of CY3s with 
hyperbolic ADE geometry. Formal analogy with affine models shows that 7 and 5 should correspond to 
two homological two cycles of CY3s. Extending results on type II string interpretation of affine models 
to the hyperbolic ADE case, we see that geometrically speaking, 7 and S generate a two torus; or more 
precisely two heterotic torii T± . The latters may be thought of as holomorphic T 2 and anti-holomorphic 
T§ two cycles in Kahler threefolds. This observation constitutes a key point in our analysis of hyperbolic 
ADE quiver gauge models. It allows us to construct the complex two dimension homology of the needed 
CY3s. 

In what follows, we build the explicit root system of hyperbolic ADE Lie algebras without using 
involved technical details. The corresponding hyperbolic algebraic geometry is recovered by using the 
standard dictionary on this matter relating Lie algebra roots and algebraic geometry corresponding 
quantities. 

Hyperbolic root system 

As noted before, the 7 and 6 imaginary roots allow us to get many precious informations not only on 
hyperbolic Lie algebra, but also on corresponding algebraic geometry analog. We focus our attention on 



the derivation of the root system of hyperbolic ADE Lie algebras from which we directly determine the 
corresponding CY3s homological cycles. To that purpose, note that from construction the imaginary 
roots 7 and 8 play a completely symmetric role. This symmetric property, which corresponds to a Weyl 
rotation, turns out to have important implications on the construction of hyperbolic ADE root system, 
the derivation H2 homology classes of the CY3 with hyperbolic geometry and on the study of hyperbolic 
quiver gauge theories. One of these implications follows from the fact that as roots, 7 and 5 can be 
usually expanded in terms of the simple roots {c^; — 1 < i < r} of the hyperbolic algebra as, 

r r 

8 = dion; 7 = 2J d i a l , (3.4) 

i=0 i=- 1 

where di, < i < r are the usual Dynkin weights and where which is equal to one, is their analog 
for the hyperbolic node. In the present study, we will think about all these diS ( — 1 < i < r) as generic 
positive integers and treat them on equal footing. While in affine KM symmetries, 8 — Y^i=o ^i a i lii 
a standard relation, 7 = ^<=— 1 di<Xi is a specific one for the hyperbolic case. Note that upon setting 
do = in the expansion of 7, we see that 7* = 7|d =o can play perfectly the role of a KM imaginary 
root in the same manner as does 5. A way to see this property is to rename the a_isimple root as 
a_i|d 0= o = ctQ and notes that the restriction ( projection) S\d a =o is just the maximal root ip of the 
usual underlying finite dimensional Lie algebra. Moreover in homology language the above relations 
correspond to the two cycles, 

r r 

Tl=J2diSh T 2 _=Y,diSl (3.5) 

i=0 z=- 1 

where naively the Sfs are the usual real two spheres of type II strings on CY3s with deformed ADE 
singularities. Using results of affine KM invariance and the symmetric role between 7 and 8, we can 
derive the hyperbolic root ( two cycles) system Ah yp (in CY3s). Following [23 > the full set Ah yp of 
roots of hyperbolic Lie algebras is as follows, 

Ahyp U {0} = {a = 717 + mS + la; n,m € Z;l = 0, ±1; a € Af inite }, (3.6) 

where A^„i te stands for the roots system of finite dimensional ADE Lie sub-algebras. A rigorous way 
to get the system Ah yp is to solve constraint eqs required by the hyperbolic structure [21]. Nevertheless, 
there is also short path to get this result. The idea, which is done in two steps, is as follows: 

(1) Observe that our hyperbolic Lie algebra gh yp has remarkably two special affine Kac- Moody sub- 
algebras glff an d 9aff m one to one correspondence with the two imaginary roots 7 and S encountered 
above. So root system A hyp should contain as subsystems A^^ and A 5 a ^ respectively generated by 7 
and 8. This is clearly seen on above relation from which it is not difficult to see that the root systems 
of g^ff and g s a ^ are respectively given by, 

AJ W U{0} = {a = n-Y + la;n€Z;l = 0,±l;a€Af ini te}, 

Af // U{0} = {a = mS + la;me Z;l = 0,±l;a e A finite }, (3.7) 

where 7 and 8 play the role of the basic imaginary root in each sector. 

(2) Think about hyperbolic Lie algebra just as an interpolation between these two affine sub- 
symmetries where roots 777 + m8 + la are between 777 + la and m8 + la recovered by solving the 
constraint eq 77777 = 0. The special case m = n = corresponds just to root system of underlying 
finite dimensional ADE. This way of doing can be also used to derive Weyl group Wh yp , it is given by 
W finite x T\ i.e the semi-direct product of ordinary Weyl group W 'finite with the group of translations 
T in the hyperbolic co-root lattice. 



3.2 Hyperbolic gauge model 

As already noted, hyperbolic quiver gauge theories can be thought of as the simplest extension of 
supersymmetric affine ADE ones. All what we know on affine quiver gauge models can be extended to 
the hyperbolic case. Let us consider the extension of those quantities that are relevant for the present 
study by using the similarity argument. 

To make a parallel between hyperbolic and affine supersymmetric quiver theories as well as their 
type If string interpretations, one has to answer a basic question regarding string coupling g s . As we 
know, this coupling is strongly linked with the imaginary root 6 ( two torus) of the deformed elliptic 
singularity of CY3 on which type II string is compactified. In hyperbolic quiver gauge models, one has 
two fundamental imaginary roots 7 and 5 ( two heterotic torii) and so one should expect two kinds of 
basic moduli. This is not a problem in type IIB string since we have two candidates for these moduli 
namely the dilaton field <f> and the RR axion x- I n addition to type II string compactification on 
CY3s with elliptic singularities, we see that we also have solutions involving CY3 folds with hyperbolic 
singularities. A way to motivate this class of backgrounds is to note that the usual type IIB string 
coupling constant, 

g s = expcj), (3.8) 

can be usually promoted to g± by considering non zero values for the RR axion field \- This may be 
done by mimicking the construction used in the derivation of F-theory. The idea consists to shift string 
coupling g s as follows, 

9s 1 = exp(-4>) -> g^ 1 = exp{-4>) ± x, (3-9) 

but still keeping reality condition. This leads however to an indefinite product g+g~ since the quantity 
gZ 1 gZ 1 = 9^ 2 ~X 2 nas a Lorentzian signature. Upon performing a Wick rotation of the RR axion moduli 
(x — ► ix)i t ne inverse string coupling g^ 1 becomes g^ 1 = exp(—<j)) — i\ which should be compared 
with the complex moduli itub of the holomorphic two torus used in F-theory compactification on 
elliptic K3 [21] ■ The other coupling gZ 1 becomes g^- 1 = exp{4>) + %x and should be associated with 
the complex moduli —if jib of the anti- holomorphic torus obtained by taking complex conjugation. 
Moreover demanding positivity of the g± couplings constants oblige the range of <f> and x moduli to 
satisfy a constraint. Taking the dilaton as the basic modulus with an arbitrary real value, the range of 
the axion RR field should like, 

|xl < exp(-<f>). (3.10) 

To get the relation between g± and the gi moduli of the hyperbolic quiver gauge theory, it is enough to 
recall the relation between the string coupling g s and the gi gauge couplings in the affine model. 

r 

where diS are the Dynkin weight encountered above. This relation can be viewed as just corresponding 
to the special case of a zero axion field. For the general case where there is a non zero axion, we have 
two couplings g± and so the previous relation generalizes as follows: 

r r 

gZ 1 = ]T d ig Z 2 ; gZ 1 = £ d l9 Z 2 ; (3.12) 
where g~\ is the gauge coupling of the gauge group engineered on the hyperbolic node of the Dynkin 



diagram T> . From above relation, we also see that the parameters g± are linked as follows, 



9+ 1 =gZl+gZ\ (3.13) 

Substituting gZ 1 and gZ 1 by the dilaton and the axion expressions, we get gZ\ = %X- This show that 
the RR axion field is identified with the volume of the hyperbolic node in the hyperbolic ADE geometry. 
Taking x = 0, one recovers the usual affine model with all desired features. 

3.3 Brane realization 

A way to get the D-brane realization of hyperbolic ADE gauge theories living in D-brane world volume 
is as follows. Start from the usual D-brane representation of the affine ADE quiver gauge model and 
appropriately deform the gauge system towards the hyperbolic case. This can be done by help of the 
root system of the hyperbolic ADE algebras and their algebraic geometry analog. 
Affine model 

To begin recall that in affine ADE model, one has in general Nq coincident regular D3-branes and 
N = 531=1 Ni fractional D5-branes. Each block of the r sets of iVj D5-branes is wrapped over two cycles 
of the deformed ADE geometry of the local CY3. The homological properties of these r real two cycles 
can be obtained from the properties of simple roots of ADE Lie algebra. One of these features is that 
the irreducible components Fj of the homological chain J2i diP] are not free but rather glued as follows, 

r 

C^=J2^h Cl = -2- = -K+. (3.14) 

»=i 

In this relation the two cycle is the open two-chain corresponding to the maximal root ip = J^. diCti 
of finite ADE Lie algebra. In fact the C$ chain should be thought of as just a part of the following 
closed two-chain 

r 

C s =$^diPj = C + C^ : Pj.I$ = -.K&; Q 2 = 0, (3.15) 

z=0 

which is associated with the imaginary root S of affine ADE Kac-Moody algebras. In the above eqs, 
and Kfj are as before, they stand for the usual ordinary and affine ADE Cartan matrices respectively. 
From these eqs, it is not difficult to see that Nq is the number of regular D-branes filling space time 
and living on the loop Cg. Therefore the gauge group of the Af — 2 supersymmetric affine ADE quiver 
QFT 4 is, 

r r 

l[u(N^ =U(N )x Y[U(Ni + diN ) (3.16) 

where for convenience we have set the JVjS ranks as |13) . 

N =N ; N i = N d i + N i ; 1 < i < r. (3.17) 

Knowing the gauge group, one can go ahead and study the quantum dynamics of these supersymmetric 
quiver gauge theories. Of particular interest is the beta functions (3 i = /3 {g{) for the gauge couplings 
<7i and the RG flows fi i = j3 i (fi). We will turn to this aspect after giving the brane realization for 
hyperbolic gauge models. 
Hyperbolic Model 

In hyperbolic quiver gauge theories extending the previous affine ADE ones, we have also regular 
coincident D3-branes and fractional D5 ones. But now with a quiver gauge group given by, 

r r 

II u (&) = u (JV-0 xU(N + d N^) x JJ U (Ni + <fc (JV_i + N )) , (3.18) 
»=— l i=i 



that is one factor more and an extra stuck of iV_i D3-branes. The point is that in case of hyperbolic 
symmetries, the underlying geometry involves two heterotic torii Cg and C 7 . The first one is same as the 
two torus Cg of ea (|3.15l) . which we call C~ and the second is the new closed heterotic chain C 7 = C + 
built as, 

C+ =C~ + Pix; C ± .C ± = 0; C~ .C+ = 1. (3.19) 

Mimicking the analysis we have done for affine ADE models, we immediately get the D-brane represen- 
tation of hyperbolic ADE quiver gauge theories. The D-brane system realizing hyperbolic quiver gauge 
model depends on the sign of the axion modulus and is as follows: 

(a) Minimal realization (\ < 0): Besides the previous Nq D3-branes on C~ and the wrapped 
N D5 ones (N = -^i)> we hare moreover an extra subset of N-i D3-branes filling the four space 
time and living on C + . These AT_j D3-branes capture the hyperbolic extension; and though they look 
like Nq D3-branes from space time view, they carry different internal quantum numbers as they live on 
a different internal geometry cycle. Therefore D-branes of hyperbolic quiver gauge theories have brane 
charges Ni given by, 

iV_i=JV_i; N = N + doN-v, N { = (N + JV_i) <k + N; 1 < i < r. (3.20) 

These numbers, which can be also read from the algebraic relation (|3.4|l . are direct extension of the 
affine ADE model considered before. Note that setting AT_j = 0, one recovers the standard affine model 
and setting Nq = one gets the second supersymmetric quiver CFT4 hidden in the hyperbolic model; 
see eas H3.6l3.7(l . It would be interesting to deepen the study which link the two critical behaviours inside 
hyperbolic model. 

(b) Non minimal realization (\ > 0): Along with the above representation of the hyperbolic 
gauge system, we may also have a set of M-\ fractional D5-branes wrapping the two cycle 

C--C+ (3.21) 

In this case, ea l|3.2U|l arc replaced as 

JV_i = rf-iAf-i + M_i (3.22) 

and the other Ni as before. Note that since wrapping D5-branes over two cycles involve positive volumes, 
non zero M_i requires positive axion moduli, x > 0- 



4 RG flows in Hyperbolic model 

To fix the ideas, consider the hyperbolic ADE quiver gauge model described by the action H2.5(l with 
all real FI couplings Ci se t to zero ( ^ = 0). Then focus on linear adjoint matter self-couplings 
W (<&i) = Zi$i so that the gauge theory has AT = 2 supersymmetry. 

4.1 Running couplings 

Recall that in the special case where there is no Kahler deformation, the gauge couplings gt ~ \J (,1 + ZiZ* 
of the Ilj=o ^ (^) s y mmetr y reduce to 

8^V 2 = I^| 2 >0, (4.1) 

where \zi\ = -J ^z* . Since these z^s can be varied freely in the moduli space of the hyperbolic quiver 
QFT4, the corresponding complex deformations induce variations of the g~ 2 s. These variations have a 



quantum field theoretic interpretation in terms of renormalization group flows gi = gi (/i). But before 
going into details, note that for Q — 0, the real gauge moduli g~ 2 can be usually split as the product 
of holomorphic factor Gr = Zi J-g^ and its complex conjugate as g~ = G i [G~ ) . This is an 
expected feature in absence of Kahler deformations; it reflects just holomorphy of complex deformations 
in Af = 2 supersymmetric gauge theories. In fact this splitting is not inherent to Af — 2 supersymmctry; 
it is also valid for Af = 1 models for which the previous complex gauge couplings Gi generalize as 

1 dW 
GJ 1 = — —j=Wl\ W=^. (4.2) 

Under the change of one or several of the ZiS in the moduli space of the hyperbolic quiver QFT4, the 
corresponding g^ 2 gauge couplings vary too. A physically interesting feature of this change concerns the 
case where one of the z^s vanishes ( z; = 0). In this particular situation, the underlying CY3 geometry in 
type IIB string compactification becomes singular and the corresponding supersymmetric QFT4 confine 
at some gauge scale Aj. This property has a quantum field theoretic description in terms of running 
coupling constants g~ 2 = g^ 2 (^), which read at ( Af = 2 exact) one loop as, 



9l W = S hl P ; -l<*<r, (4.3) 



where (3 i — —2Ti\j3 (ri) is the usual holomorphic beta functions with 2iriTj = —8n 2 gJ 2 +vdj and Aj is 
the gauge confinement scale we referred to above. Comparing eas H4.il> and l|4. 3[) . we get the following 
relation between the Zi moduli and the running scale 

\z i \=f3 i ln(-£j, (4.4) 

linking hyperbolic ADE singularity in the CY3 of the IIB string compactification with the quantum field 
scale /i = Aj. Note that \zi\ positivity condition, \zi\ = (3 i In (j^j > 0, of the gauge coupling constants 
can be solved in two ways according to the value of the renormalization scale \i and the parameter Aj. 
We have: 

(a) (3 i > and In {^-^j > which requires [i > A,*, or 

(b) fa < and In (-^j < requiring n < Aj. 

The singular limit \zi\ = corresponds either to fj, = Aj or to j3 i = independently of the renormal- 
ization group scale's value. At this point, the hyperbolic gauge theory confines and its interpretation as 
D-branes world volume is sensitive to the sign of the beta functions which we propose to discuss now. 

4.2 Holomorphic Beta functions 

Following 15 , the holomorphic beta function factors f3 i — f3 (gi) of Af = 2 supersymmetric Tl r i= _ l U (nA 
quiver gauge theories depend linearly on the Ni ranks. They are proportional to the Cartan matrix 
of the underlying hyperbolic quiver symmetry; (3 i ~ K^-Nj. For an explicit treatment, we will 
first consider the particular example of hyperbolic A r QFT4. The results for hyperbolic DE cases are 
given in appendix B. 

Hyperbolic A r model: In the example of Af = 2 supersymmetric hyperbolic A r model, the 
beta functions for the quiver gauge group can be easily determined. They read as; 

P-i = 2N^~N ; 0o = -N-i + 2N - JVi - N r , 
fa = 2JV i -iV i _ 1 -JV i+ i; l<t<r-l, f3 r = 2N r - N r ^ - N a . (4.5) 

where Ni are as in ea (|3.20|) and 13.22|l according to the sign of the axion modulus. 



(i) Minimal representation: Up on using easl j3.20(l denning the minimal realization of the hyper- 
bolic gauge theory, the previous relations simplify to, 

/3_i - A_i-A ; O = -JV_i - Nr - N r ; 1 = 2N 1 -N 2 , 
r = 2N r -N r -n h = 2Ni - Nt-! - N i+1] 2 < i < r - 1 , (4.6) 

where one recognizes the usual beta functions for finite dimensional A r quiver gauge model. One also 
has the usual O which is independent of the Nq number of D3-brane living on the C~ heterotic cycle 
but does depend on the number A_i of D3-branes living on the C + heterotic cycle. This is a key point 
which turn out to have a drastic consequence on conformal invariance. Finally 0_ 1 is proportional to 
the difference between the numbers of regular branes living on the two heterotic torii. In addition to 
these quantities, we have the following extra relations, 

i , = (0 1 + ... + r ); s = o + 0^ = (4.7) 

where S and are the holomorphic beta functions of the diagonally embedded groups Un (A_i) and 
Ud (Nq) respectively. These groups are in one to one with the closed two chains of two cycles C ± ; they 
are also in one to one with the two basic imaginary roots 6 and 7. The factor 0^ is the beta function 
associated with the maximal root ip = Y^i=i a i °f a mn e A r algebra. Before proceeding further, note 
that in this hyperbolic A r model, we have the following results: 

(a) The beta function O of hyperbolic A r theory is negative. This shows that the confining scale Ao 
associated with the running coupling go (/x) should tend to infinity in perfect agreement with the string 
interpretation of quiver gauge theories. 

(b) From the value of 0^ — N\ + N r it follows that 

05 = -JV-i (4.8) 

is negative definite contrary to the affine case where it is null. This clearly shows that even in the 
absence of wrapped D5-branes, hyperbolic quiver gauge theory is not conformal invariant in opposition 
to affine model. 

(c) Because of symmetric role played by S and 7, we should expect here also that 

0- t = -N . (4.9) 

This is exactly what we find by substituting the value 0_ x = N-i — No into — 0_ t + S . Note 
that for the special case iV_i = Ao, the factor /3_j vanishes but O = — A_i — Ni — N r vanishes only if 
— N-i — Ni — N r — which requires A_i = N\ = N r = 0. The vanishing of the other i factors require 
furthermore ATj = 0. 

So hyperbolic theories as realized above are not conformal invariant. 

(it) Non minimal representation: As we noted before, this concerns models with positive values 
of the axion field. In this case, one may also have M_i D5-branes wrapping the hyperbolic irreducible 
cycle and the beta functions given by eas (|4.6(l are now modified to, 

0_ x = 2M-i + AT_i — Ao; O = -M_i - A_ x - A x - N r ; ; 1 =2N 1 -N 3) 
r = 2N r -N r -i; i = 2N i -N i _ 1 -N i+1 ; 2 < i < r - 1, (4.10) 

This extension can no longer have O = as far as D-brane world volume gauge theories are concerned. 
A part the shift of 0_ 1: the introduction of extra M_i D5-branes does bring nothing new. Consequently, 
we fix our attention, in what follows, on the study of minimal representation (M_i = 0) of hyperbolic 



theories. To do so, let us begin by making some comments on hyperbolic brane system having no 
D5-brane at all, M-\ = and Ni = 0, i = 1, ...,r. 

Comments on hyperbolic D3-Brane system: This is a very special representation since there 
is no fractional D5-branes in the hyperbolic quiver gauge model. Therefore the set of beta functions j3 i 
with i = 1, ..r are identically zero { j3 i = Q) and those associated with the hyperbolic node and affinc 
one are as follows, 

0-i = AU-iVo; /? = -iV_x; ft = 0; i = l,...,r, 
Ps = -JV_i; P y = -N . (4.11) 

Since there is no non trivial solution for the vanishing of these beta functions, this particular hyperbolic 
gauge theory can never be made conformal contrary to the underlying afhne model corresponding to 
taking A_i = 0. In addition to this property, the D3 system realizing the hyperbolic model exhibits 
other interesting features which we comment here below. 

(a) Signs of ft: First note that as far as N-\ ^ 0, the gauge factor U (Nq) with beta function 
ft is not asymptotically free and so the corresponding gauge degrees of freedom are confined. For the 
case < N-i < No, the situation is worst as the gauge degrees of freedom of the gauge group factor 
U (N—iJ associated with the hyperbolic node are confined as well. However for A_i > No, the beta 

function (3_ 1 > and so the gauge group U (N—ij is asymptotically free. Since the beta functions for 



U [Nij with 1 < i < r are null (ft = ), this situation is very special in the sense that it formally 
resembles to the TV — 1 supersymmetric Klebanov Strassler affine Ai model. There, beta functions 
with opposite signs is the necessary condition for the existence of RG cascades. In the pure D3 system 
realizing hyperbolic theories, we have here also [3_ 1 and ft with opposite signs as shown below, 

/3_ 1 >0>/3 , ft = 0; i = l,...,r. (4.12) 

This behavior can be viewed as interesting indication for existence of RG cascades in hyperbolic gauge 
theories. To avoid confusion in what follows, we will refer to these beta functions as ft- \ —l<i<r 
where the upper index refers to the fact that we are dealing with the original theory. More generally, 
we denote the beta functions of the n-th step of the RG cascades as (3^ . 

(b) Dual models: Using Seiberg like duality transformation idea and following J3|> we can 
dualize the above hyperbolic theory as usual by using Weyl transformations of hyperbolic A r Lie algebra. 
The previous beta functions get now replaced by their Weyl transformed ones, 

(3{ 1] = /?W = -AU; ^ 1} =0, i = 2,..,r-l. (4.13) 



As we see, these beta functions have changed their signs ( (3^\j3^ < < [5^' '•)■ The initial gauge 
gro 
to, 



group G^ yp = U (iV_i) x U (N-i + N a ) r+1 of the original regular quiver gauge model is now mapped 



gZp = U ( N -i) x U ( 27V -i + ^o) x U (JV_! + A^ ) r , (4.14) 
which can determine us the gauge and matter content of the dual gauge theory. By performing the 
next dualization on the node Pi , we get the second dual generation. Its gauge group is = 
U (N-i) x U {2N-i + No) 2 x U (N-i + NoY^ 1 and the corresponding beta functions are 

/?L 2 j = -a^o; (3 { 2) =0; /?r = JV-i, 

4 2) = /3< 2) =-A_ i; /?| 2) =0, i = 3,..,r-l. (4.15) 



Note that we get the same result if one chooses to dualise the node (3^ instead of (3^ . 
In general, we have for the n-th dualization with n = 0, r — 1, 

Ghy P = U (AU) x U (2AU + N ) n x U (JV_ X + N Q ) r+1 ~ n • (4.16) 
The beta functions are 

P-i = -N ] /3o"' = = p[ n) =0; * n - 1, n, r 
& = N-v, /9< n > = -JV_! (4.17) 

This construction can be also worked out for n > r. 
4.3 RG Cascades 

Here we consider minimal hyperbolic quiver gauge model and study RG flows towards infrared. We 
first illustrate the method on hyperbolic A2 example; the results for generic hyperbolic ADE case are 
reported in appendix. For other discussions regarding RG cascades in supersymmetric quiver gauge 
theories see ^2] f° r affine A\ gauge theory and |23 for the hyperbolic model based on the non simply 
laced Cartan matrix, 



Kpioi = 




(4.18) 



In this particular hyperbolic model, k is a positive integer greater than two. 

Hyperbolic A2 model: First, recall that hyperbolic A2 quiver gauge model as constructed in 
the present paper can be viewed as one of possible generalizations of affine Ai quiver gauge theory known 
to exhibit impressive features including RG cascades. This behaviour is then a common property shared 
by all affine supersymmetric quiver theories, but also shared by their hyperbolic extensions. For affine 
case, RG cascades were considered in different occasions but a remarkable Lie algebraic proof was 
given in |13| . There, it was shown that RG cascades has much to do with translation sub-symmetries of 
affine Weyl group W a ff = W finite x T. Here, we will show that this feature is also true for hyperbolic 
models. 

It is interesting to recall the RG cascade's procedure in affine A2 quiver gauge model before giving 
its proof in hyperbolic case. The general group of quiver gauge symmetry in the UV regime involves 
obviously three factors as U (No) x U (No + N\) x U (No + N2) with running gauge coupling constants go, 
<7i and (72 respectively. The factor U (No) is engineered on the affine node of the Dynkin diagram of affine 
A2 and U (No + Nx) x U (No + N2) on the two other ordinary nodes. Along with these factors, there is 
also a diagonal Ud (No) sub-symmetry that turns out to play a central role in the study of RG flows. 
It deals with the fundamental imaginary root S of affine A2 and has a zero vanishing beta function f3 s . 
Its coupling constant is given by the type IIB string coupling constant g s . In lJj], RG cascades towards 
infrared has been shown to be accompanied by a decreasing of the charge of D3-branes ( AA^o < 0). 
This property has an interpretation not only in terms of Weyl reflections (Seiberg like duality) but also 
as translations in the root lattice generating the affine RG cascades. The decreasing of D3 charge is 
easily seen on the Cachazo et al picture using a formal analogy between flows in supersymmetric quiver 
gauge theories and dynamics of a classical particle with coordinates X — Y]j—Q Uj^j, on.Xj = &y, here 
A 3 s are the fundamental weights of the affine Lie algebra (affine A2). Up to translations, the dynamics 
of the X particle is restricted inside the affine A2 Coxeter box defined by, 



(X) = ai -X = n > 0, 



(4.19) 



Figure 1: Figure la represents the Coxeter box of affine Ai in the 3-space (2/0, y±, 1)2) ■ This is a triangle 
in 3-space with edges normal to the simple roots. Figure lb gives its projection on the (2/1,2/2) plane 
which is also a triangle (a planar triangle). 



where a^s are the usual simple roots of affine A2. Note that this 3-dimensional particle is attached to 
the walls of the Coxeter box by Nq + N\ + N2 strings. The particle is attached on each i-th Coxeter 
wall by Ni strings of equal tension and their length is obviously given by g~ 2 (X) = yi. Note also that 
for the case where the X particle is on the i-th wall, we have gZ 2 (X) = 0. So divisors yi — are in one 
to one correspondence with the simple roots ai of the affine Ai algebra. In this case, the X vector is 
normal to ai. Figure la gives the Coxeter box for affine Ai model in the plane (2/1,2/2)- 




Figure 2: It represents hyperbolic A2 Coxeter box. We have four variables related as gZ 1 = 2/0 + 2/i + 2/2 
and gZ = 2/-1 + gZ , (a = gZ , b = gZ 1 )■ Note that b — a is proportional to axion x- I n the limit 
X — > 0, this figure coincides with figure lb.. 

Now using Cachazo et al mechanical analogy, RG flows in affine quiver gauge model have a nice 
representation as, 

dX 

— =F, (4.20) 

where the force F acting on the particle is given by F = Ylj=o a jNj- This equation of evolution is 
immediately obtained by using the explicit expression of the running gauge couplings gZ 2 (/i) = iAr l n a~ 



and setting 87r 2 j/i (t) = /3 i (t{ — t) with t = — ln/x ( dt = — dfi/fi > for flows towards IR). In this picture 
Seiberg like duality is nicely described in terms of Weyl reflections on walls of the Coxeter box. They 
map yi variables to 

l/i = yi-K ij y j , (4.21) 

where Kij is the afhnc A 2 Cartan matrix. Geometrically this is interpreted as flop transition where a 
dual S 2 is blown up. An analogous description is valid for RG cascades except now they are associated 
with Weyl translations. However, in this case, the particle is diffused outside the fundamental domain 
of the Coxeter box. Nevertheless Weyl translations act as shift operators and allow to bring the particle 
back inside the fundamental domain. In hyperbolic A2 model, the method is quite similar although the 
theory is non conformal. The gauge group is U (iV_i) x U (Mq) x U (M + Ni) x U (M + N 2 ), where 
we have set Mo = N—i + Nq, and the corresponding gauge couplings are g~\, go, gi and g 2 respectively. 
This hyperbolic model has two diagonal sub-symmetries Ud (N-i) and Ud (Mo) m ° n e to one with the 
two fundamental imaginary roots S and 7 and the g- and g+ couplings ea (|3.9|l . In the UV regime of 
Af = 2 hyperbolic A2, viewed as a deformation of affine A2 UV theory, one is interested in positive 
definite beta functions ensured by requiring, 

ft = 2Ni - N 2 > 0; 2 = 2N 2 -N x >0. (4.22) 

These relations fix the range of allowed UV values of part of the gauge group ranks namely U (Mq + Aq)x 
U (Mo + N 2 ). For the other ranks No and iV_i, the situation is a little bit subtle, the Ud (N-i) and 
Ud (Mq) gauge factors are no longer conformal. The corresponding beta functions /9„ and S are negative 
because /3~ = —No and (3 S = —N-i. But this is not a problem since what interest us in the study of 
RG flows is not the diagonal group but rather the gauge factors U (No) and U (N-i) associated with 
the affine and hyperbolic nodes respectively. Like in affine case and because of stringy origin, their beta 
functions /3 ( (3 = — (N-i + Ni + N 2 )) and / 9_ 1 ( f3_ 1 = N-i — N ) are not required to be positive. 
Therefore, we have to distinguish between different cases according to signs of these beta functions. 
Moreover, since [3 is negative exactly like in affine case, it is then natural to adopt the same condition 
one uses in the affine model namely Nq large enough with respect to the ranks N\ and N 2 ; i.e, 

2A^o»A 1 +A 2 . (4.23) 

For the rank iV_i, it is fixed by the sign of f3_ 1 . For /3_ 1 positive ( negative) definite, we should have 
A_i > No (N-i < No) and for /3_j = we have iV_i = Nq. So in the UV regime of hyperbolic theory 
with positive we should have the following conditions, 

N-i > N > Ni, N-i > N > N 2 . (4.24) 

In this case, we dispose at least of two beta functions with opposite signs. 

Cascades in hyperbolic theory: To study RG cascades in hyperbolic A2 quiver gauge model, 
we have to compute the variations of No and iV_i during cascading towards infrared and prove that the 
variation of the total charge of D3-branes Mo — No + iV_i is negative. This condition, which extends 
what we know about cascades in affine quiver gauge theories, follows also from the fact that in hyperbolic 
gauge models the role of AAo of affine models is played by AMo as can be seen on the structure of 
the quiver gauge group. These two quantities should be related with the structure of the Weyl group 
in hyperbolic theory. Remember that like in affine case, the Weyl group Wh yp of hyperbolic algebras is 
also a semi-direct product between reflections W finite and translations T. The main difference between 
Whyp and W a ff groups is that in the former the set of translations is larger. This property follows 



from the fact that in hyperbolic symmetries one has two basic imaginary roots S and 7 and so two 
fundamental translations and . These translations are indeed the generators of RG cascades in 
hyperbolic gauge models. 

To get the variations of No and iV_i, we borrow results from geometric unification of dualities in 
ordinary and affine supersymmetric quiver gauge theories and prove the following statements. 

AM < 0; but AAo and AAT_i have indefinite sign (4.25) 

To do so we start by recalling the way we get the negative sign of ANq in J\f — 1 affine quiver gauge 
models. There, one uses a geometric approach which expresses AAo as the product of the fluxes of H^s 
and H RR field strengths of Fl and Dl strings (lril I29| . 

AN Q = 8vr 2 f H NS A f H RR , (4.26) 
Jb s Ja s 

where the NS-NS and RR fields strengths can be usually decomposed as H — 'EjajH^' and where 
Ag and B5 are three cycles to be described in a moment. This method of doing has an interpretation 
in terms of geometric transition in the underlying Calabi-Yau threefold Yo on which type IIB string 
is compactified. The point is that while Weyl reflections on walls of the Coxeter box are associated 
with Seiberg like duality, Weyl translations require crossing Coxeter box walls. This may be naively 
interpreted as associated with a geometric transition as suggested by geometric unification of dualities. 
This means that after transition, the initial variety Yo with an elliptic A2 geometry get replaced by a 
new one denoted Y' with dual pairs of three cycles. In field theory language, this geometric transition 
corresponds to switching on the non linear adjoint matter self-interactions W = Cz^'i so 

M = 2 supersymmetry is partially broken and the affine quiver gauge theory has Af = 1 supersymmetry. 
Because of non linearity of W the Calabi-Yau threefold Yo undergo a geometric transition where 
the two cycles S 2 of the deformed elliptic singularity get replaced by three cycles involving Sf s. Moreover 
D5-branes get replaced by their fluxes. The resulting generalized conical geometry Y' contains then a 
particular pair of dual three cycles Ag and Bg, the sub-index 5 recalls that they have been generated 
out of the closed two cycle C^ of Yo. By integration of the relations, 

/ H® 8 = A( g r*)=R i] f H$ = N h (4.27) 
Jb s Ja s 

and using the fact that A (g~ 2 ) = -(3 i In ^ (^ 

> fi 2 ) which in mechanical analogy can be also put in 
the form Ri — —aN{ we S e t AAo = —aN 2 which is negative definite as far as there are D5-brane 
charges. Negativity of AAo follows of course from the fact that eigenvalues of ordinary A2 Cartan matrix 
are positive definite. In the Af = 1 hyperbolic quiver gauge model, the situation is quite similar to the 
above affine discussion. By switching on the non linear potential W, the initial Calabi-Yau threefold Y_ 
with hyperbolic geometry ( extending previous Yo having an elliptic geometry) undergoes a geometric 
transition leading to Y'_. The two cycles Sf of initial Y_ get replaced by three cycles Sf . The resulting 
generalized conical geometry Y'_ contain then two pairs of dual closed three cycles (Ag,Bg) and (Ay, B 7 ). 
Extending the previous affine analysis, we can write down immediately the variations AMq and AALi 
during cascading in hyperbolic theory. For the value of AMo, we have a similar relation as in ea H4.26(l . 

AMq = 8^ 2 f H NS A f H RR , (4.28) 

which, by help of previous results, reads as AMo = ~ a Y^i j=o ^ijNNj, a > 0. Because of the identity 
j—Q Kqdjdi — 0, this is a negative quantity as far as A^'s are non zero. This proves our first 



statement. For the second statement, it is enough to note that the variation AA_i is linked with the 
imaginary root 7. So we have, 

AAU = 8^ 2 f H NS A f H RR . (4.29) 

The evaluation of this relation is similar to the computation of AMo 1|4.28[) . except now we have more 
general sums as shown on the following explicit expression AA_i = —aN 2 = — aj^i j=-i KijNiNj. 
Since in hyperbolic Lie algebras, N 2 has an indefinite sign, we find that the sign of the variation of A_i 
during cascades towards infrared is indeed indefinite. Finally by help of the relation Mq = No + N—i, 
we can compute the variation of No, we get AiVo = AMo — AA_i which has also an indefinite sign. 

5 Conclusion and Comments 

In this paper, we have studied the classification of four dimensional supersymmetric quiver gauge theories 
which can be embedded in type II strings on Calabi-Yau threefolds. We have shown that there are three 
basic classes in one to one with Vinberg classification theorem of Lie algebras. We have given their 
D-brane realizations and analyzed the corresponding RG flows towards infrared. Among our results, we 
quote the following: 

(1) Along with supersymmetric ordinary and affine ADE quiver gauge models, there is an indefinite 
class associated with the indefinite sector of Lie algebras sharing most features of usual ordinary and 
affine supersymmetric quiver gauge models. Except few tentatives for extensions such the one on duality 
walls |2Z| EE] , see also [HO], this indefinite sector has not been explored before. This is mainly due to the 
lack of complete Lie algebraic results in this matter. However despite this difficulty, we have shown that 
one can make a quite precise idea about the structure of indefinite quiver gauge theories by looking at 
their interesting hyperbolic subset. The latter which may be thought of as simplest generalizations of 
affine models, can be used as a laboratory to establish characteristic results of indefinite gauge theories. 

(2) As far as hyperbolic models are concerned, we have shown that these supersymmetric gauge 
theories have very special features. They can be viewed as low energy limit of type IIB string on CY3s 
with hyperbolic ADE geometry and are, surprisingly, strongly linked with the RR axion \- They have 
D-brane realizations depending on the sign of \ modulus interpreted as the volume of the cycle S 2 
associated with the hyperbolic node. According to the signs of \i we have distinguished three kinds of 
models: 

(i) Minimal hyperbolic model associated with x < 0. The word minimal means that there is no D5-brane 
wrapping the hyperbolic two cycle. 

(ii) Non minimal hyperbolic model with \ > and partially wrapped D5-branes on S 2 .. 

(iii) Finally models with \ = coinciding exactly with the usual affine quiver gauge theory. 

(3) We have studied RG cascades in hyperbolic quiver gauge theories. We have shown that they are 
also linked with Weyl translations generating a part of automorphisms of the root system of hyperbolic 
Lie algebras as in case of affine gauge models. We have found that during cascading towards infrared 
the variations of the D3-brane charges AiVo and AJV_i have indefinite signs but their sum AiVo + AiV_i 
giving the total D3-brane charge is negative. This result has been derived by help of the mechanical 
analogy of ^2]j but might be done as well by using the Klebanov-Strassler and Fiol procedures. 

On the other hand and as far as supersymmertic field theory is concerned, we believe that the field 
theoretical results we have got for hyperbolic model such as computation of beta functions and cascades 
are valid as well for supersymmetric indefinite quiver gauge theories. Moreover and despite that these 
are non conformal, we have shown that hyperbolic, and more generally indefinite, quiver gauge theories 



share features we have in ordinary and affine cases. For instance, starting from a Af = 2 hyperbolic 
(indefinite) gauge model, we can build Af = 1 ones from geometric transition scenario. In field theoretical 
approach, it is enough to switch on the non linear adjoint matter self-interactions W (<J>i) = X^=i £z^' 
with mass scales W(' — A and proceed following jlll . One can also study RG flows a la Klebanov- 
Strassler by computing the Af = 1 physical beta functions ft hys . For running energies /i larger than 
scales A, the superpotentials may be neglected and the Af = 1 one loop holomorphic beta functions 
remain quite same as in Af = 2 case, 

/?f =1 ~/3f= 2 ; Af =1 ~A, M » A. (5.1) 

Below A, adjoint matter acquires mass and the Af = 1 holomorphic beta functions (3 l ° w as well as the 
corresponding gauge scales K l ° w get modified as, 

0T = *i + ft; In (A!T) = 4t I" ( A «) + i ln ( A ) • (5-2) 

Pi Pi 

To get the RG flows in A/" = 1 hyperbolic ( indefinite) quiver gauge theories described by the action 
(|2.5I) . one rather needs the NSVZ physical beta functions for gauge and matters These are obtained 
by extending affine analysis of J3| to the hyperbolic (indefinite) case. 
Above A, we get 

0t" = E K « N i + -Yi N * + E 1<i \ K ii I ^5 ^ = N = 1i + 2 %' ( 5 - 3 ) 

3 

where j i = 7 ($j) and 77,^ = 77 (Qij) are respectively the anomalous dimensions of massive adjoint and 
bi-fundamental matters and where we have set /3^ hys = j3 (gf hy j and (3^ ys = j3 ^i^ ys ^j ■ The above 



eq can be also rewritten into a combined form as (3? hys — 7i+2 



2 

Below A, the r y i anomalous dimensions can be set to one, so the above beta functions reduces 



9N- — V (Ai T» 2 ) xr- AT. 



to ft = I ^2A^ + Sj^i ^'3 3 ^ |i^ij| Njj . For marginal quartic superpotential Tr (QijQ 



\2 



and if 



moreover ft^ = 0, the anomalous dimensions 77^ become minus half and so the above TV = 1 beta 
functions reduce to ft = 7i 2 l ~ 2 KijNj which should be compared with the value of Af = 2 hyperbolic 
(indefinite) quiver gauge model. 

In the end of this discussion, we would like to make a note concerning embedding of indefinite quiver 
gauge theories in type IIB string compactification on CY threefolds. While hyperbolic quiver gauge 
models have a meaningful type IIB string interpretation, indefinite generalizations need however more 
explorations. For instance in the former subset, the gauge coupling associated with the hyperbolic node 
is strongly linked with the RR axion field, but for indefinite case the situation deserves more analysis. 
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6 Appendices 



Here we give two appendices, one regarding root system of indefinite Lie algebras and the other deals 
with hyperbolic ADE quiver gauge theories. 



6.1 Appendix A: Indefinite Lie algebras 

Like for ordinary and affine Kac-Moody ADE Lie algebras, a nice way to approach indefinite simply 
laced Lie algebras is in terms of simple roots ctf, i = l,...,n and corresponding Cartan matrices Kij. 
From axiomatic point of view, these require the knowledge of the triplet (h, II, 11") defining respectively 
commuting Cartan generators Hi, the basis of simple roots cti and the basis of their duals. In represen- 
tation theory; and too particularly in quantum field theory this triplet corresponds to specifying the 
commuting observables and the basic quantum excitation operators. With these simple roots, one may 
encode most of algebraic features of Lie algebras including indefinite ones. For instance, whenever there 
exists a bi-linear form (,), the Cartan matrix of simply laced indefinite Lie algebras can be realized as 
usual as 

K u = 2; Ka = G 1- for i ± j, (6.1) 

a%) 

which is equal to — oti.otj seen that (aj,aj) = 2. For this class of indefinite symmetrizable simply 
laced Lie algebras, the statement that Kij is the Cartan matrix of an indefinite Lie algebra means that 
for some real positive definite vector x € fi, we have, 

K ijXj = -w < 0; i,i = l,2,..,n, (6.2) 

where Xj > 0, j = 1,2,..., n are components of x and yi are also positive, hence (— j/j) are negative 
definite. The negative sign in front of (— j/i) is remarkable since it has an interesting geometric inter- 
pretation indicating that the space H has an indefinite signature with a pseudo-euclidean metric. This 
metric extends the Lorentzian signature of usual affine symmetries. Because of this indefinite signature, 
indefinite Lie algebras are still a mathematical open subject. For instance their classification has not 
yet been achieved. Nevertheless, there are some subsets of these indefinite symmetries where there are 
exact results. One of these subsets the hyperbolic sub-class considered in this paper. According to W. 
Li classification, there are 238 hyperbolic Lie algebras containing the following special simply laced list, 

/T/4 n_/A niA nib n/Q n/Q n_/6 n_/7 

rl Xi rL 2> rl 3' rL l> rl 8> rl li rl 5! rl 6! rl Xi 

n/7 n/S n_/8 n_/8 n_/9 n_/9 n_/9 T-/W T-/W la o\ 

ri-L, rix, n 4l n 5 , rt-L, At 4 , n 5 , n 1 , n A . (b.a) 

For instance, is just the hyperbolic extension of affine A^. More details on this sub-classification 
as well as applications of hyperbolic invariance may be found in |23] , [23] > [El and refs therein. 

6.2 Appendix B: Hyperbolic ADE models 

Depending on the values of quiver gauge group ranks given by the charge of regular D3 and fractional 
D5-branes, beta function components in hyperbolic ADE models can have arbitrary signs. In general, 
each p i factor can be either positive ( /3j > 0), zero ( f3 i — 0) or negative ( /3, < 0). This last property 
shows that the study of the RG flows in hyperbolic gauge models depends on these signs. To have an 
idea on how to get and fix these signs, we start from the general formula of holomorphic beta functions 
in N = 2 hyperbolic gauge models, 

r 

J=-l 
r 

Ps = 5>i& = do/3 + /V (6-4) 

r 

Pi = 12 d i (3 i = d- 1 f3_ 1 +i3 s , 

i=-l 



then solve them by using Lie algebra results. First note that because of the identity Y^j=o ^ijdj = 
and using the fact that K-ij = for 1 < j < r, the first relation of above eqs has a kernel which leads 
to a remarkable simplification. Indeed taking the ranks as Ni = Mdi, we have 

r j r \ 

bi = K ijNj = M K-ud-i + y £ j K ij d j = MK-ud-i (6.5) 

j=-i \ 3=0 / 

which is non zero only for b-% = 2Md~\ and bo = —Md-%. As a consequence of this feature, the 
beta functions f3 i , 1 < i < r of hyperbolic ADE quiver gauge theories are independent on the number 
of regular branes; they behave exactly as in ordinary ADE quiver gauge models. So, the quantity 
J2 T j=-i KijNj reduces to 

= - ^o; P = - (^-i + J2 \ K °i\ N ^j < °> ( 6 - 6 ) 

r 

{ = ^ A',...V ; : l<i<r, 
j=l 

showing that the previous results gotten for hyperbolic A r models are also valid for hyperbolic DE 
ones. Therefore in hyperbolic ADE gauge theories, /3 is usually negative and the sign of (3_ l is given 
by the signature of (iV_i — No). To get the sign of remaining /3,; we consider the UV regime where 
/i > Ai with 1 < i < r. This domain can be represented in a simpler way by ordering gauge scales A, as 
Ai > A2 > ... > A r . In this parameterizations, positivity condition of beta components translates into 
/1 > Ai. This domain has a nice interpretation in Lie algebra language. Precisely it corresponds to the 
Vinberg phase which states that there usually exists a configuration 

N = (n[ 0) , ...,N^ ; Ni > 0, (6.7) 

such that /3j > with 1 < i < r. So UV regime in ordinary supersymmetric quiver gauge theories 
corresponds to Vinberg configuration in finite dimensional Lie algebras. As Vinberg theorem is in 
connection with RG flows in supersymmetric quiver gauge theories, we will give details on this issue. The 
system (|6.4|) defining /^s is very impressive; it recalls the Vinberg theorem on Lie algebras classification. 
This theorem states that for any Lie algebra, there exists two positive real vector u = (ui, ...,u n ) and 
v = (vi, v n ) such that, 

Y,K$u p = qv p (6.8) 



p 



where Kjfij with q = +1, 0, —1 stand respectively for the Cartan matrices of ordinary, affine and hyper- 
bolic ( indefinite) Lie algebras. In our case, the correspondence is given by u < — > N = (N-i, ...,N r ) 
and v < — ► (3 = ...,(3 r ). Following this theorem and using known results on geometric engineer- 

ing on J\f = 2 supersymmetric QFT4S [3 [21 stating that holomorphic beta functions are proportional 
to Lie algebra Cartan matrices, one sees that in general supersymmetric quiver gauge theories have 
three remarkable phases parameterized by the quantum number q = —1,0,-1. This quantum number 
captures the global signs of the beta function vector j3 — W_i, (3 r ) and so we have the following 
correspondence : 

q = +1 <=^> UV free Af = 2 QFT 4 

q = Conformal N = 2 QFT 4 (6.9) 

q = -1 Confined N = 2 QFT 4 . 

According to /3 { signs (i.e f3 i > 0, P i = 0, P i < ), there are 3 n others more. 
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